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ABSTRACT. Let X be a smooth Fano variety and Ku(X) its Kuznetsov component. A Torelli
theorem for Ku(X) states that Ku(X) is uniquely determined by a certain polarized abelian
variety associated to it. An infinitesimal Torelli theorem for X states that the differential of
the period map is injective. A categorical variant of the infinitesimal Torelli theorem for X
states that the morphism 7 : H' (X, Tx) — HH?(Ku(X)) is injective. In the present article,
we use the machinery of Hochschild (co)homology to relate the aforementioned three Torelli-
type theorems for smooth Fano varieties via a commutative diagram. As an application, we
prove infinitesimal categorical Torelli theorems for a class of prime Fano threefolds. We then
prove, infinitesimally, a restatement of the Debarre—Iliev—Manivel conjecture regarding the
general fiber of the period map for ordinary Gushel-Mukai threefolds.

1. INTRODUCTION

Torelli problems are some of the oldest and the most classical problems in various aspects
of algebraic geometry, including Hodge theory, birational geometry, moduli spaces of algebraic
varieties, etc. The classical Torelli question asks whether an algebraic variety X is uniquely
determined by an abelian variety associated to it. Denote by P the period map P : M — D,
where M is the moduli space of some class of algebraic varieties up to isomorphism, and D is
the period domain. A Torelli theorem holds for X if and only if P is injective. An infinitesimal
Torelli theorem holds for X if and only if the differential dP of the period map is injective.
If X is a smooth Fano threefold of Picard rank 1 — the focus of the second part of our paper
— then the period map P is given by X — J(X), where J(X) is the intermediate Jacobian of
X.

On the other hand, the seminal work [BOOI1] shows that the bounded derived category
D?(X) of a smooth projective Fano variety determines the isomorphism class of X. In other
words, a derived Torelli theorem holds for X. It is natural to ask for a class of Fano varieties
whether they are also determined by less information than the whole derived category.

A natural candidate is a subcategory Ku(X) C DP(X) called the Kuznetsov component,
which is defined as the semiorthogonal complement of a natural exceptional collection of
vector bundles on X. It is widely believed that the Kuznetsov component encodes the essential
geometric information of X, and it has been studied extensively by Kuznetsov and others (e.g.
in [Kuz04, Kuz09a, KP18]) for many Fano varieties. In particular, for a smooth cubic threefold
X, its Kuznetsov component Ku(X) determines its isomorphism class (see [BMMS12] and
[PY21]). This is known in the literature as a categorical Torelli theorem.

Date: September 25, 2022.
2010 Mathematics Subject Classification. Primary 14F05; secondary 14J45, 14D20, 14D23.
Key words and phrases. Derived categories, Brill-Noether locus, Bridgeland moduli spaces, Kuznetsov com-
ponents, categorical Torelli theorems, Fano threefolds.
1



2 AUGUSTINAS JACOVSKIS, XUN LIN, ZHIYU LIU AND SHIZHUO ZHANG

As in the case of the classical Torelli problem, one could imagine that the association
X — Ku(X) is a “categorical period map” Peat lifting the classical period map, defined on
the moduli space M of smooth Fano threefolds up to isomorphism. But since there is no
good notion of a moduli space of semiorthogonal components of D?(X), we cannot make
sense of P, mathematically. Nevertheless, its differential n : H'(X,Tx) — HH?(Ku(X)) is
well-defined. We say an infinitesimal categorical Torelli theorem holds for X if the map 7 is
injective.

Recently, the intermediate Jacobian of a smooth Fano variety X was reconstructed from
its Kuznetsov component u(X) in [Per22]. This relates the Hodge-theoretic and categorical
invariants of X, in one direction.

Example 1.1 (Remark 3.8). When X is a Fano threefold of index one or two, it is clear that
HY(X,Z) = Hom(H(X,Z),Z) = 0 since X is simply connected. According to [Per22, Lemma
5.2, Proposition 5.23], there is a Hodge isometry K'P(Ku(X))y = H3(X,Z) which preserves
both pairings. The left hand side pairing is the Euler pairing, and the right hand side is the
cohomology pairing. Then, J(Ku(X)) is an abelian variety with a polarization induced from
the Euler paring. Moreover, we have an isomorphism of abelian varieties J(Ku(X)) = J(X). If
there is a Fourier-Mukai equivalence Ku(X;) ~ Ku(Xz2), where X; and X, are Fano threefolds
of index one or two, then J(X;) = J(X32).

1.1. Main Results.

1.1.1. Infinitesimal Torelli vs. infinitesimal categorical Torelli. In the present article, we relate
infinitesimal Torelli theorems and infinitesimal categorical Torelli theorems for a class of Fano
threefolds of Picard rank one, using the machinery of Hochschild (co)homology. We write

HOQ.(X) = € HP(X, Q%)
p—gq=s
and
HT*(X) = € HP(X,A"Tx).
ptq=e
We prove the following theorem:

Theorem 1.2 (Theorem 3.10). Let X be a smooth projective variety. Assume there is a
semiorthogonal decomposition D*(X) = (Ku(X), Ey,...,E,), where {Ey,...,E,} is an ea-
ceptional collection. Then we have a commutative diagram

HH?(Ku(X)) ! Hom(HQ_(X), HQ; (X))
HT2(X) /
inclusionT
HY(X, Tx)

where T is defined as a contraction of polyvector fields.

Remark 1.3. The map 7 := dPey : H'(X,Tx) — HH?(Ku(X)) is defined as the composi-
tion of the vertical maps in the commutative diagram.



INFINITESIMAL CATEGORICAL TORELLI THEOREMS FOR FANO THREEFOLDS 3

If we assume the vanishing of the higher odd degree Hochschild homology of X, the space
of first-order deformations of J(Ku(X)) is given by Hom(HH_;(Ku (X)), HH;(Ku(X))) by
Proposition 3.9. If we assume further that J(Ku(X)) = J(X) as abelian varieties, then the
diagram from the theorem above can be interpreted as taking tangent spaces of the diagram

{Ku(X)}/ ~ —— Abelian Varieties/ =

I

{X}/ =
if we have good knowledge of the moduli spaces in question.

Corollary 1.4. Infinitesimal classical Torelli for X implies infinitesimal categorical Torelli
for the Kuznetsov component Ku(X).

Proof. Suppose dP is injective. Then the fact that we have a composition dP = v o7 implies
that n is injective too. O

The main examples for the problems of infinitesimal categorical Torelli that we study are
those of Picard rank one, index one and two Fano threefolds. Recall that Fano threefolds
satisfy the assumption HHy;11(X) = 0 for ¢ > 1 and J(Ku(X)) = J(X) as abelian varieties
(see Example 1.1 or Remark 3.8). We summarise our results in the following theorem.

Theorem 1.5 (Theorems 4.4, 4.6, 4.10, 4.11). Let Xo4_o be a Fano threefold of index one
and degree 2g — 2, where g is its genus. Let Yy be a Fano threefold of index two and degree d.

o For Yy where 1 < d < 4, the infinitesimal categorical Torelli theorem holds.
o For Xog_o where g = 2,4,5,7, the infinitesimal categorical Torelli theorem holds and
the same result holds for Xy if it is not hyperelliptic.

1.1.2. The Debarre—Iliev—-Manivel Conjecture. In [DIM12], the authors conjecture that the
general fiber of the classical period map from the moduli space of ordinary Gushel-Mukai
(GM) threefolds to the moduli space of 10 dimensional principally polarised abelian varieties
is the disjoint union of Cp,,(X) and MZ (2,1,5), both quotiented by involutions. We call this
the Debarre—Iliev—-Manivel Conjecture.

Within the moduli space of smooth GM threefolds, we define the fiber of the “categorical
period map” at Ku(X) as the set of isomorphism classes of all ordinary GM threefolds X’
whose Kuznetsov components satisfy Ku(X') ~ Ku(X). In our recent work [JLLZ21], we
prove the categorical analogue of the Debarre—Iliev—Manivel conjecture:

Theorem 1.6 ([JLLZ21, Theorem 1.7]). A general fiber of the categorical period map at the
Kuznetsov component Ku(X) of an ordinary GM threefold X is the union of Cp(X)/t and
MX(2,1,5)/d, where v,/ are geometrically meaningful involutions.

As an application, the Debarre-Iliev—Manivel conjecture can be restated in an equivalent
form as follows:

Conjecture 1.7. Let X be a general ordinary GM threefold. Then the intermediate Jacobian
J(X) determines the Kuznetsov component Ku(X).

Although we are not able to prove the conjecture, we are able to show that an infinitesimal
version of it holds.
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Theorem 1.8 (Theorem 4.6). Let X be an ordinary GM threefold. Then the map
v HH?(Ku(X)) — Hom(HQ_;(X), HQ (X))
18 injective.

1.2. Organization of the paper. In Section 2, we collect basic facts about semiorthogonal
decompositions. In Section 3, we recall the definition of Hochschild (co)homology for admis-
sible subcategories of bounded derived categories D?(X) of smooth projective varieties X.
We then prove Theorem 1.2. In Section 4, we apply the techniques developed in Section 3 to
prime Fano threefolds of index one and two. In particular, we show the infinitesimal version
(Theorem 1.8) of Conjecture 1.7 for ordinary GM threefolds.
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tions. The first and last authors are supported by ERC Consolidator Grant WallCrossAG, no.
819864. The third author is partially supported by NSFC (Nos. 11890660 and 11890663).

2. SEMIORTHOGONAL DECOMPOSITIONS

In this section, we collect some useful facts/results about semiorthogonal decompositions.
Background on triangulated categories and derived categories of coherent sheaves can be
found in [Huy06], for example. From now on, let D®(X) denote the bounded derived category
of coherent sheaves on a smooth projective variety X.

2.1. Exceptional collections and semiorthogonal decompositions.

Definition 2.1. Let D be a triangulated category. We say that £’ € D is an ezceptional object
if RHom(E, E) = k. Now let (E1, ..., Ey) be a collection of exceptional objects in D. We say
it is an exceptional collection if RHom(E;, E;) = 0 for ¢ > j.

Definition 2.2. Let D be a triangulated category and C a triangulated subcategory. We
define the right orthogonal complement of C in D as the full triangulated subcategory

Ct={X € D|Hom(Y,X)=0forall Y € C}.
The left orthogonal complement is defined similarly, as
L ={X e D|Hom(X,Y) =0 forall Y €C}.

Definition 2.3. Let D be a triangulated category. We say a triangulated subcategory C C D
is admissible, if the inclusion functor i : C < D has left adjoint i* and right adjoint i'.

Definition 2.4. Let D be a triangulated category, and (Cy,...,Cy) be a collection of full
admissible subcategories of D. We say that D = (Cy, ..., Cy,) is a semiorthogonal decomposition
of Dif C; C CZ-L for all ¢ > j, and the subcategories (Cy,...,Cp,) generate D, i.e. the smallest
strictly full triangulated subcategory of D containing Cy,...,Cp, is equal to D.
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Definition 2.5. The Serre functor Sp of a triangulated category D is the autoequivalence
of D such that there is a functorial isomorphism of vector spaces

Homp (A, B) = Homp(B, Sp(A))”
for any A, B € D.

Proposition 2.6. Assume a triangulated category D admits a Serre functor Sp and let D =
(D1,D2) be a semiorthogonal decomposition. Then D ~ (Sp(Ds),D1) =~ (D2, Sy (D1)) are
also semiorthogonal decompositions.

Example 2.7. Let X be a smooth projective variety and D = D®(X). Then Sy := Sp(—) =
(—® O(Kx))[dim X].

3. HOCHSCHILD (CO)HOMOLOGY AND INFINITESIMAL TORELLI THEOREMS

3.1. Definitions. In this subsection, we recall some basics on Hochschild (co)homology of
admissible subcategories of D’(X), where X is a smooth projective variety. We refer the
reader to [Kuz09b] for more details. For Hochschild (co)homology of dg-categories, we refer
the reader to the paper [IXel98] and survey [Kel07].

Definition 3.1 ([Kuz09b]). Let X be a smooth projective variety, and A be an admissible
subcategory of D?(X). Consider any semiorthogonal decomposition of D?(X) that contains A
as a component. Let P be the kernel of the projection to A. The Hochschild cohomology of A
is defined as

HH*(A) := Hom*(P, P).
The Hochschild homology of A is defined as
HH,(A) := Hom®*(P, P o Sx).

Lemma 3.2 ([Kuz09b, Theorem 4.5, Proposition 4.6]). Let E be a strong compact generator
of A, and define A = RHom(FE, E). Then there are isomorphisms

HH®*(A) = HH*(A) and HH,(A) = HH.(A).

Remark 3.3.

(1) Let Perfgqq(X) be a dg-enhancement of Perf(X) whose objects are K-injective perfect
complexes, and let Aq, be a dg-subcategory of Perfq,(X) whose objects are in A.
Then we have the isomorphisms

HH, (A) = HH, (Agg) and HH(A) = HH® (Aqy)

because the morphism of dg-categories A — Ayg, is a derived Morita equivalence. Here
A is a dg-category with one object and the endomorphism of this unique object is the
dg-algebra A; the morphism sends the unique object to an K-injective resolution of
E.

(2) Since Perf(X) is a triangulated category with a unique enhancement [LLO10], the
Hochschild (co)homology of admissible subcategories of Perf(X') defined by Kuznetsov
coincides with that of the subcategory of the dg-enhancement that naturally comes
from the dg-enhancement of Perf(X).
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Let A be a C-algebra. Note that the Hochschild homology HHe(A) is a graded HH®(A)-
module. The module structure is easily described by the definition of Hochschild (co)homology
via the Ext and Tor functors. Consider a variety X. According to Hochschild-Kostant—
Rosenberg (HKR) isomorphism, the degree 2 Hochschild cohomology has a factor H(X, Ty)
which is the first-order deformations of X. The action of H!(X, Tx) on the Hochschild homol-
ogy via the module structure can be interpreted as deformations of a certain invariant with
respect to the deformations of X. Here, we have the invariant HHe(X) = @, ,_, H?(X, Q%)
that is closely related to the intermediate Jacobian of X. When X is a Fano threefold, the
action of H'(X,Tx) on HH_;(X) = H?!(X) is the derivative of period map.

In the case of admissible subcategories of derived categories, we can describe the module
structure by kernels.

Definition 3.4. Let A be an admissible subcategory of D’(X), and let P be the kernel of
the left projection to A. Take « € HH*(A) and § € HHy(A). The action of o on 3 is the

composition

P Ly PoSxt] 2% PoSxlat+b).

Proposition 3.5. Let A be an admissible subcategory of Perf(X). Let E be a strong compact
generator of A, and A := RHom(E, E). The isomorphisms HH®*(A) =2 HH®*(A) and HHq(A) =
HH,(A) from Lemma 3.2 preserve both sides of the obvious module structure and algebra
structure of Hochschild cohomology.

Proof. We follow [Kuz09b, Theorem 4.5, Proposition 4.6]. There is an embedding
1 DY(A @ A°PP) — DY(X x X)

such that pu(A) = P. Thus Hom®(A, A) = Hom®(P, P), which is compatible with the algebra
structure since both of the algebra structures are defined by compositions. It remains to check
the compatibility of the module structure. The composition

RI’
A& gaome A — p(A) @ pu(A)" —— RI(u(4) &~ p(A)T)

is a quasi-isomorphism by dévissage'. Namely by using a semi-free resolution, it suffices to
check the case A ® A°PP. Since it is functorial, the quasi-isomorphism is compatible with the
module structure.

Finally, we must check that the isomorphism H*(X x X, P x PT) = Hom®*(P, P o Sx) is
compatible with the module structure. Firstly, we have a functorial isomorphism with respect
to the factor P:

Hom®*(Oxxx, P ® AOx) = Hom*((A.Ox)Y, P) = Hom®((A.Ox)" o Sx, P o Sx).
By Grothendieck Duality,
Hom®((AOx)Y o Sx, P o Sx) 2 Hom®*(A,Ox, Po Sx).
Thus we have the following functorial isomorphism with respect to P:
Hom*®(Oxxx,P ® A,Ox) 2 Hom®*(A,.Ox, P o Sx).

Consider the triangle P’ — A, Ox — P with respect to the semiorthogonal decomposition.
It induces functorial morphisms with respect to the factor P, to Hom®(Oxxx, P ® PT) and
Hom®(P, P o Sx), respectively. Note that we have (A.Ox)T = A,Ox. By vanishing results

ITisa transposition.
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when replacing A,Ox with P’ [Kuz09b, Corollary 3.10], these morphisms are indeed isomor-
phisms.

Thus, the isomorphism H*(X x X, P ® PT) = Hom®(P, P o Sy) is compatible with the
module structure over Hom® (P, P). O

Theorem 3.6. Let A be an admissible subcategory of DP(X), and B be an admissible sub-
category of D*(Y). Suppose the Fourier-Mukai functor ®¢ : D*(X) — DU(Y) induces an
equivalence of subcategories A and B. Then we have isomorphisms of Hochschild cohomology

HH*(A) =2 HH*(B)
and Hochschild homology
HH,(A) =2 HH,4(B)

which preserve both sides of the module structure and algebra structure.

Proof. We have Ags ~ Bgg in the homotopy category whose weak equivalences are Morita
equivalences [BT'16, Section 9]. Hence, there is an isomorphism Perfg,(Aqgg) =~ Perfqq(Bgg) in
Hge [Tab05]. That is, Aqgg and Bqg are connected by a chain of Morita equivalences

Perfq, (Aqg) Perfqg (Byg)

/\/\/\

According to [AK 19, Theorem 3.1], if two dg-categories are derived equivalent induced by a
bi-module (Morita equivalence), then the equivalence induces an isomorphism of Hochschild
(co)homology and preserves the module structure. O

Let X be a smooth algebraic variety. Classically we have the HKR isomorphisms [[<uz09b,
Theorem 8.3] given by

Hom®(Oa,06) = P HP(X,NTx)
ptq=e
and
Hom*(Oxxx,0a ®" Or) = € HP(X,0%)
p—q=e

However, the HKR isomorphisms may not preserve the obvious algebra structures and
module structures. Let IK be the twist of the HKR isomorphisms with the square root of the
Todd class. It was originally conjectured in [Cal05, Conjecture 5.2] and proved in [CRVdB12,
Theorem 1.4] that IK is compatible with the module structures on differential forms over
polyvector fields and on Hochschild homology over Hochschild cohomology.

3.2. Deformations and infinitesimal (categorical) Torelli theorems. In this subsection
we will prove a theorem (theorem 3.10) which relates the first-order deformations of a variety
X, its intermediate Jacobian J(X), and its Kuznetsov component Ku(X) via a commutative
diagram.

We first recall the construction of the intermediate Jacobian of a triangulated subcategory
of Db(X).
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Definition 3.7 ([Per22, Definition 5.24]). Let A be an admissible subcategory of D?(X) and
consider the diagram

t
chy”? o

K{°P(A) —— HP;(A) @, HHy,_1(A)

e

HH; (A) ® HH3(A) & - - -

where P is the natural projection, and P’ is the composition. Define the intermediate Jacobian
of A as

J(A) = (HH,(A) ® HH3(A) & - --) /T,
where T is the image of P’. Note that ' is a lattice.
Remark 3.8. In general, J(A) is a complex torus. When X is a Fano threefold of index one or
two, we have a non-trivial admissible subcategory Ku(X) called the Kuznetsov component (see
the survey [Kuz16]). Clearly H'(X,Z) = Hom(H;(X,Z),Z) = 0 since X is simply connected.
According to [Per22, Lemma 5.2, Proposition 5.3], there is a Hodge isometry K% (Ku(X )i =
H3(X,7Z)is which preserves both pairings. The left hand side pairing is the Euler paring, and
the right hand side is the cohomology paring. Then, J(Ku(X)) is an abelian variety with a
polarization induced from the Euler paring. Moreover, we have an isomorphism of abelian
varieties J(Ku(X)) = J(X). If there is an Fourier-Mukai equivalence Ku(X;) ~ Ku(X>) for
Fano threefolds X; and X», then J(X;) = J(X>).

In the theorems below, we write
HO.(X) = @ HP(X, Q%)
p—gq=e

and

HT*(X) = € HP(X,A"Tx).

ptg=e

Proposition 3.9. Assume that there is a semiorthogonal decomposition

DY(X) = (Ku(X),Ey, ..., Ep)

where {E1, ..., Ey} is an exceptional collection. Also assume that HHop41(X) =0 forn > 1.
Then the first-order deformation space of J(Ku(X)) is

Hl(J(ICu(X)),TJ(,Cu(X))) =~ Hom(HH_; (Ku(X)), HH; (Ku(X))).

Proof. Write V' := HH;(Ku(X)). Note that V' = HH;(X) by the Additivity Theorem of
Hochschild Homology. Since

HHl(X) = HQl(X) :m,l(X) = ﬁfl(X) gﬁfl(lCU(X)),

by twisted HKR, there is a conjugation V' = HH_;(Ku(X)). Since the tangent bundle of a
torus is trivial, we have

H'(J(Ku(X)), Trcu(xy) = H' (V/T,V @ Oyyr) 2V @ H (V/T, Oyyr).
Since H'(V/T, Oy/r) = Homaptitinear(V, k) = Homy, (V, k), we finally get the isomorphism
HY'(J(Ku(X)), Tj(kcu(x))) = Hom(HH_ (Ku(X)), HH; (Ku(X)))

as required. O
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When HHg,+1(X) = 0, n > 1, we define a linear map from the deformations of Ku(X) to the
first-order deformations of its intermediate Jacobian J(Ku(X)) by the action of cohomology:

HHz(Ku(X)) — Hom(HH_; (Ku (X)), HH; (Ku(X))).
This map can be interpreted as the derivative of the following map of “moduli spaces”
{Ku(X)}/ ~— {J(Ku(X))}/ =.

Theorem 3.10. Let X be a smooth projective variety. Assume D(X) = (Ku(X), Ey, Eo, ..., E,,)
where {E1, Ea, ..., By} is an exceptional collection. Then we have a commutative diagram

HH?(Ku(X)) ———— Hom(HQ_;(X), HQ; (X))

A /

HT?(X
inclusionT
HY(X,Tx)
where T is defined as contraction of polyvector fields.

We break the proof into several lemmas. We write D*(X) = (Ku(X), A) for the semiorthog-
onal decomposition, where A = (FE1, Es, ..., E,). Let P; be the kernel of the projection to
Ku(X), and P» the kernel of the projection to A.

Lemma 3.11. There is a commutative diagram

Hom!! (Oa,Op) X Hom?®? (Oa,0Op 0 Sx) —— Hom®1 %2 (Oa,Onp 0 Sx) .

Jos 1

Homtl (-Pl Pl) X HOHl (Pl,Pl e} SX) HOmt1+t2(P1,P1 e} Sx>

The morphisms in the rows are the composition maps described in Definition 5./.
Proof. Firstly we define the maps « and 3. There are triangles

(1) Pg—)@A—)Pl—)PQU_],

(2) PQOSX—>OAOSX—>P1C)SX—>PQOSX[1]

Note that by a similar proof to [[Kuz09b, Cor 3.10], we have Hom® (P, P;) = 0. Applying
Hom(—, Py) to the triangle (1), we get an isomorphism

Hom®(Oa, P) = Hom®(Py, P)).
Then applying Hom(Oa, —) to the triangle (1), we get a long exact sequence
(3) Hom'(Oa, Op) — Hom!(Oa, P) — Hom'™(On, ).
Since Hom®*(Oa, P1) = Hom®(Py, P,), we get a long exact sequence

(4) Hom'(Oa, Op) = Hom!(Py, P;) — Hom'"(Oa, Py).
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Again, applying the functor Hom(—, P, o Sx) to the triangle (1), we obtain an isomorphism
Hom®*(Oa, Py o Sx) = Hom®(Py, Py o Sx) since Hom®(P», P; 0 Sx) = 0 [Kuz09b, Cor 3.10].
Applying Hom(Oa, —) to triangle (2), we obtain a long exact sequence

(5) Hom®*(Oa, Py 0 Sx) — Hom®*(Oa, Oa 0 Sx) - Hom®(Oa, Py o Sx).

By the isomorphism Hom®(Oa, Py 0 Sx) = Hom®(P, Py o Sx), we get a long exact sequence

(6) Hom®(Oa, P 0 Sx) — Hom®(Oa, Oa 0 Sx) i> Hom®(Py, P; o Sx).

Secondly, we explain the commutative diagram. Take t; = to = 0; the general cases are
similar. Let f € Hom(Oa, Oa) and g € Hom(Oa, Oa 0 Sx). We denote the natural morphism
Oa — P; by L. Consider the following commutative diagram:

Op —% 0505 129 000 Sy

Ll iL@id iL@id
/ ! d
P14g>PloSX&>PIOSX

The composition (L ®id) o g gives an element ¢’ in Hom(Oa, Py 0 Sx) = Hom(P;, Py o Sx),
that is 8(g) = ¢’. Similarly, «(f) = f’. By the uniqueness of the isomorphism Hom(Oa, P; o
Sx) =2 Hom(P;, Py o Sx), we have

B((feid)eog) = (f'®@id)og.
[l

Remark 3.12. The morphism [ is an isomorphism if t; = 2 and t3 = —1. Indeed, let
h € Hom®*(A,Ox,A.Ox o Sx). According to [[Kuz09b, Lemma 5.3], there is a commutative
diagram

A.Ox L P,

h l i’YPl (h')

A.Ox o Sx[] 29 Py o Sy|e]

Hence, = vp, (see [Kuz09b, Section 5] for the definition of vp, ). Therefore, by the Theorem
of Additivity [Kuz09b, Theorem 7.3], 5 is an isomorphism when ¢; = 2 and t3 = —1.
Lemma 3.13. The following diagram is commutative:

!

Y

HT?(X) x HQ_(X) HO, (X)

l (o id) lid

HH2(Ku(X)) x HQ_1(X) — HO, (X)

Here, the map o is the composition of the maps

HT2(X) 7% Hom?(0Oa, 0a) 2 Hom?(Py, Pi) = HH2(KCu(X)).

The map ~' in the first row is the natural action of polyvectors on forms: when restricting
to HY(X,Tx), it is evactly the derivative of the period map. The map ~y is defined by the
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cohomology action as follows. Let w € Hom?(Py, Py). Then y(w): HQ_1(X) — HQ(X) is
defined by the commutative diagram

Hom (P, P, o Sx) —~— Hom!(Py, P, o Sx)

k |

Hom_l((’)A,(’)AoSX) Homl(OA,OAoSX)
TIKl J{IK
¥ (w)
HO_1(X) HO_, (X)

Proof. We have a commutative diagram

HT?(X) x HQ_(X) HOy (X)

i ]

H0m2(0A, Oa) % Hom_l(OA, Opo0Sx) —— Homl(OA, Oa o Sx)

o ’

Hom?(P;, P) x Hom (P, P, o Sx) Hom!(Py, Py o Sx)

The upper square is commutative by [CRVdB12, Theorem 1.4]. The lower square is commu-
tative by Lemma 3.11. Therefore Lemma 3.13 follows by definitions. U

Proof of Theorem 3.10. Thus, according to Lemma 3.13, we obtain a commutative diagram
where 7 is defined to be the composition o’ o (inclusion):

HH?(Ku(X)) T~ Hom(HQ_(X), HO (X))
2 /
HT*(X) g
inclusionT
HY(X,Tx)
As a result, Theorem 3.10 is proved. O

Corollary 3.14. Let X be Fano threefolds of indexr one or two. Note here that we have
HQ 1(X) = H>Y(X) and HQ (X) = HY?(X)?. Then there is a commutative diagram

HH?(Ku(X)) ! Hom(H2!(X), H“2(X))
TIT /
HY (X, Tx)

2We have h*° = h%3 = 0 for Fano threefolds
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Remark 3.15. The commutative diagram above can be regarded as the infinitesimal version
of the following “imaginary” maps

{KU(JT()}/ ~/7{J(X)}/ o~
{X}/ =

Definition 3.16. Let X be a smooth projective variety. Assume there is a semiorthogonal
decomposition D?(X) = (Ku(X), Ey, Es, ..., E,) where {F1, Fs,...,E,} is an exceptional
collection.

(1) The variety X satisfies infinitesimal Torelli if
dP : HY (X, Tx) — Hom(HQ_1(X),HQ; (X))

is injective;
(2) The variety X satisfies infinitesimal categorical Torelli if the composition

n: HY(X,Tyx) — HH?(Ku(X))

is injective;
(3) The Kuznetsov component Ku(X) satisfies infinitesimal Torelli if

v : HH?(Ku(X)) — Hom(HQ_;(X), HQ: (X))
is injective.

Remark 3.17. The definitions (2) and (3) from Definition 3.16 depend on the choice of the
equivalence class of Kuznetsov component u(X).

4. INFINITESIMAL (CATEGORICAL) TORELLI THEOREMS FOR FANO THREEFOLDS OF INDEX
ONE AND TWO

In this section, we apply Corollary 3.14 to establish infinitesimal categorical Torelli theorems
for a class of prime Fano threefolds of index one and two, via the classical infinitesimal Torelli
theorems for them.

We briefly recall the classification of Fano threefolds into deformation families via their
Picard rank, index, and degree (or equivalently genus). The Picard rank of a Fano threefold
X is the rank of Pic X. In our paper, we will only be concerned with Picard rank one Fano
threefolds, i.e. when Pic X = Z. The index of X is the positive integer ix such that Kx =
—ix H, where H is the generator of Pic X. If X is a Fano threefold, then 1 <ix <4, and in
this paper we will be concerned with the index one and two cases.

There are five deformation classes of Fano threefolds of index two, denoted Y. They are
classified by their degree d, which takes the values 1 < d <5.

There are ten deformation classes of Fano threefolds of index one, denoted Xo,_». They are
classified by their degree (equivalently genus) d = 2g — 2, where g is the genus. The allowed
values of g are 2 < ¢ < 12 and g # 11.

For a more detailed account of the Fano threefolds discussed above, see for example [[Kuz04,
Section 2].
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4.1. Classical Torelli and infinitesimal Torelli theorems. Recall that the Torelli prob-
lem asks whether the period map P : M — D is injective, while the infinitesimal Torelli
problem asks whether the period map has injective differential. Let X be a smooth projective
variety of dimension n over the complex numbers C. We say that an infinitesimal Torelli
theorem holds for X if the map

dP: H'(X,Tx) — @D Hom(H?(X,0%), HP™ (X, Q%)
ptg=n
is injective. Besides the case of curves, the injectivity of the above map has been studied for
many other varieties:
hypersurfaces in (weighted) projective spaces ([CGGHS3, Dong3, Sai&6];
complete intersections in projective spaces ([Ter90, Pet76, Usu76];
zero loci of sections of vector bundles ([Fle806]);
certain cyclic covers of a Hirzebruch surfaces ([Kon&5]);
complete intersections in certain homogeneous Kéhler manifolds ([[Kon&6]);
weighted complete intersections ([Usu78));
quasi-smooth Fano weighted hypersurfaces ([FRZ19]);
index one prime Fano threefolds of degree 4 ([Lic22]).

In particular, if X is a smooth prime Fano threefold of index one or two, then the map dP
becomes
dP : HY(X,Tx) — Hom(H*'(X), H'?(X)),

since h30(X) = h%3(X) = 0. Then the definition of infinitesimal Torelli for X coincides with
Definition 3.16. We have the following proposition:

Proposition 4.1 ([Sai86, Flego]).
(1) Let X be a prime Fano threefold of index one. Then the map dP is injective if deg(X) €
{2,4,6,8} and X is not hyperelliptic.
(2) Let X be a prime Fano threefold of index two. Then the map dP is injective if deg(X) €
{1,2,3,4}.°
(8) If X is an index one prime Fano threefold such that deg(X) € {10,14,18,22}, or if
deg(X) =4 and X is hyperelliptic, then dP is not injective.

4.2. Infinitesimal categorical Torelli theorems for Fano threefolds. In the following
sections, we study the commutative diagram constructed in Corollary 3.14, and investigate
whether the infinitesimal categorical Torelli theorem defined in Definition 3.16 holds for var-
ious Fano threefolds. We use the definition of the Kuznetsov component of a Fano threefold
of index one or two from the survey paper [[Kuz16] and we refer to [BET21] and [Bel21] for
the dimensions of H'(X,Tx) and H'(X,0%).

Let X be a smooth projective variety of dimension n. Assume D*(X) = (Ku(X), E, Ox)
where EV is a globally generated rank r vector bundle with vanishing higher cohomology. Let
NY /Gr be the shifted cone lying in the triangle

N)\é/ Gr ¢*QGr(r,V) — Qx,

where V := H(X, EV).

31f deg(X) = 5, then H'(X,Tx) = 0 so we exclude this case.
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Theorem 4.2 ([[<uz09b, Theorem 8.8]). Let the notation be as in the paragraph above. Then
we have

(1)
n—1
- — @ HTP(X, ATx) — HH'((E, Ox)*) —
p=0
n—1
— H""P(X, B @ Ewy') 5 @ H™ P(X,APTx) — -
p=0
(2)
n—2
o — @ HP(X, APTx) — HH'((E, Ox)*) —
p=0

n—2
— H™" (X, NY 6 @ wy') == @ HTP(X,APTx) — -

p=0
(3) If E is a line bundle, then v =0 and
n—2
HH'((E,0x)") = @ H'"P(X, ATx) & H' " (X, Ny, ¢, @ wi').
p=0

4.3. Infinitesimal categorical Torelli for Fano threefolds of index two. An application
of part (3) of Theorem 4.2 to the case of index two Fano threefolds of degree d, i.e. when
Ku(Yy) = (Oy,(—H), Oy,)*, gives the following result:

Theorem 4.3 ([Kuz09b, Theorem 8.9]). The second Hochschild cohomology of the Kuznetsov
component of an index two Fano threefold of degree d is given by

¢

0, d=5
B, d=4
HH?(Ku(Yy)) = k19, d=3
kO d=2
\k:35, d=1

Theorem 4.4. Let Yy be index two Fano threefolds of degree 1 < d < 4. The commutative
diagrams of Corollary 3.14 for Yy are as follows:

(1) Yy: n is an isomorphism, ~y is injective, and dP is injective.
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(2) Y3:n is an isomorphism, v is injective, and dP is injective.
;10 2l E25
TIT /
dp
k.lO
(3) Ya: n is injective, and dP is injective.

(4) Yi:n is injective, and dP is injective.

E35 v EA441

[

]634

Proof. The map dP is injective for d = 1,2, 3,4 by Proposition 4.1. Then according to Corol-
lary 1.4, n is injective. Thus for the cases d = 3,4, the map 7 is an isomorphism, hence ~ is
injective. H

4.4. Infnitesimal categorical Torelli for Fano threefolds of index one. Gushel-Mukai
(GM) threefolds are the index one Fano threefolds of genus 6 (equivalently, degree 10). They
fall into two classes: ordinary and special. We study Corollary 3.14 for each of these cases in
Section 4.4.1. Finally, in Sections 4.4.2 and 4.4.3, we study Corollary 3.14 for the remaining
index one Fano threefolds.

Proposition 4.5. The second Hochschild cohomology of the Kuznetsov component of an index
one Fano threefold of genus g > 6 is given by

E, ¢g=10
K, g=09
HH?(Ku(Xag—2)) = { k0, g =
K8 g=7
k20, g =

Proof. In the cases g = 8 and 10, this follows from the equivalences Ku(Xog—2) ~ Ku(Yy) (see
[Kuz09a]) and Theorem 4.3. For the cases g = 7 and 9, note that we always have Ku(X) ~
D?(C) for some curve C. The semiorthogonal decompositions are

D’(X16) =(D(C3), &3, Ox,5)

D’(X12) =(D°(C7), &, Ox,,)
where Cj is a curve of genus ¢ and &, is a vector bundle of rank r. By the HKR isomorphism,
HH?(C) = H%*(C,0¢) ® H' (C,To) @ H(C, A*T¢) = H'(C, T). The second equality follows
from the fact that C' is of dimension 1. The dimensions follow from the fact that the dimension

of the moduli of curves of genus i is 3i — 3. For the ¢ = 6 case, the second Hochschild
cohomology is computed in [KP18, Proposition 2.12]. O
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4.4.1. The Gushel-Mukai case. Let X be a GM threefold, which is either a quadric section
of a linear section of codimension two of the Grassmannian Gr(2,5), or a double cover of a
degree 5 index two Fano threefold Y5 ramified in a quadric hypersurface. The unique rank two
stable vector bundle £ on X induces a morphism ¢ : X — Gr(2,5) such that £ = ¢*T, where
T is the tautological rank 2 bundle on Gr(2,5). There is a semiorthogonal decomposition

D*(X) = (Ku(X), &, Ox),

Theorem 4.6. Let X be a GM threefold. The the commutative diagram in Corollary 5.1/ is
as follows:

120 2l %100

[

k22

Moreover, v is injective and n is surjective. In particular, the Kuznetsov component Ku(X)
of an ordinary GM threefold satisfies infinitesimal Torelli.

Proof. The moduli stack X of Fano threefolds of index one and degree 10 is a 22 dimensional
smooth irreducible algebraic stack by [DIM12, p. 13]. By Section 7 of [DIM12] we have that
the differential

dP: HY(X,Tx) — Hom(H*'(X), H"*(X))
of the period map P : X — Ajp has 2-dimensional kernel. Consider the kernel of 7. Clearly,
kern C kerdP hence dimkern < 2. Since the dimension of the image of 7 is less than or

equal to 20, the dimension of ker n must be 2 and 7 is surjective. Finally, since image of dP
is 20-dimensional, so is 7, hence ~ is injective. O

Remark 4.7. There is another proof for the case of ordinary GM threefolds X, which uses
the long exact sequence in part (2) of Theorem 4.2:

0 — HY(X,NY, ,(H)) — H'(X,Tx) == HE*(Ku(X))
— H'(X,NY,q,(H)) — H*(X,Tx) — 0.

It suffices to compute HO(X,./\/}/ o (1)) and H'(X, N)\é/ ae(1)). Since N g, is the restriction
of Ocr(1)®0ar(1)®0Oqr(2), we have that /\/')\é/ o, (1) is the restriction of Og, ©®Ogr ®Ogr(—1),
which is Ox & Ox ® Ox(—H). Then H*(X,NY o, (H)) = k* and H'(X, Ny, ¢, (H)) = 0 by
the Kodaira Vanishing Theorem. Thus, 7 is surjective with 2-dimensional kernel, hence = is
injective.

4.4.2. The cases of X183, X16, X14, and Xi12. Consider index one prime Fano threefolds of
genus 7 < g < 10. They are

(1) X12, g = 7: a linear section of a connected component of the orthogonal Lagrangian
Grassmannian OGr (5,10) C P'5;

(2) X14, g = 8: a linear section of Gr(2,6) C P'4;

(3) Xi6, g = 9: a linear section of the Lagrangian Grassmannian LGr(3,6) C P13;

(4) X1g, g = 10: a linear section of the homogeneous space Gy /P C P!3;
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Theorem 4.8. Let X and Y be smooth projective varieties. Suppose there is an equivalence of
their Kuznetsov components Ku(X) ~ Ku(Y) which is induced by a Fourier—-Mukai functor.
Then there s a commutative diagram

HH?(Ku(X)) —= Hom(HH_;(Ku(X))),HH; (Ku(X)))

- !

HH?(Ku(Y)) —X— Hom(HH_,(Ku(Y)), HH; (Ku(Y)))
Proof. According to Theorem 3.6, there is a commutative diagram

HH?(Ku(X)) x HH_; (Ku(X)) —= HH; (Ku(X))

E F

HH?(Ku(Y)) x HH_; (Ku(Y)) —— HH,; (Ku(Y))

The maps in the rows are defined as the cohomology action on homology. Hence the commu-
tative diagram in the theorem follows. O

Remark 4.9. When X and Y are Fano threefolds of index one and two, respectively, we have
HH_{(X) = H>!'(X) and HH_1(Y) = H*!(Y), respectively. Hence we obtain a commutative
diagram

HH?(Ku(X)) —— Hom(H?*'(X), H'2(X))

I I

HH?(Ku(Y)) —— Hom(H>'(Y), H"2(Y))
where vx and 7y are the maps constructed in Theorem 3.14.

Theorem 4.10. The diagrams in Corollary 5.1/ for Xis, X16, X14, and X1o are as follows:
(1) Xig: 7y is injective.

k3 v L4

i

]{:10

(2) Xi6: 7y is injective.

K T k0

dP
k’12
(5’) X14: 7y 18 injective.

;10 v ;25

i

k'15
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(4) Xi2: 7y is injective, dP is injective, and 1 is an isomorphism.

;18 v ;A9

.

]{718

Proof. In the cases of X1g, X16, and X12 we always have Ku(X) ~ D?(C) for some curve C.
The semiorthogonal decompositions are

Db(XIB) :<Db(C2)7527 OX18>

D’(X16) =(D"(C3), €3, Oxy)

Db(X12) :<Db(c7)7 &s, OX12>
where Cj is a curve of genus ¢ and &, is a vector bundle of rank r. We write X for Xis, Xig,
and X13. By the HKR isomorphism, HH?(C) = H?*(C,0¢) & H'(C,Tc) @ HY(C, N*T¢) =
H'(C,T¢). Note that we always refer to the version of HKR twisted by IK, as the “twisted
HKR?”. This IK isomorphism preserves the module structure, where the geometric side is the

action of polyvector fields on differential forms. Thus by Theorem 4.8 there is a commutative
diagram

HH?(Ku(X)) —— Hom(H?*'(X), H"2(X))

I I

HY(C,Te) — Hom(H'(C), H(C))
Therefore « is injective for each X since dP¢ is injective for each C' := Cj. Indeed, C}j is a
plane quartic curve ([BF09, Section 3.1]), which is a canonical curve in P2. Similarly, C7 is
also a canonical curve in P® by [IM07, Section 1]. Thus they are both non-hyperelliptic.
For the case X1y, it is known that Ku(X14) ~ Ku(Y3) by [Kuz09a] (so also their Hochschild
cohomologies are the same). Then by Theorem 4.8 there is a commutative diagram

HH2(Ku(X14)) —5 Hom(H?!(X14), HY2(X14))

k- I

HH?(Ku(Y3)) — 2 Hom(H>!(Y3), H"*(Y3))
Then vx,, is injective since 7y, is injective, by Theorem 4.4. O

4.4.3. The cases of Xg, Xg, non hyperelliptic X4, and Xo. Consider the index one prime Fano
threefolds of genus 2 < g < 5. They are

(1) X, g = 2: a double cover of P? branched in a surface of degree six;

(2) X4, g = 3: either a quartic threefold, or the double cover of a smooth quadric threefold
branched in an intersection with a quartic;

(3) Xg, g =4: a complete intersection of a cubic and a quadric;

(4) Xg, g =5: a complete intersection of three quadrics.

In these cases, the Kuznetsov components are defined as (Ox)® by [BLMS17, Definition
6.5].

Theorem 4.11. The diagrams in Corollary 3.1/ for Xg, Xg, X4, and Xo are as follows:



19

INFINITESIMAL CATEGORICAL TORELLI THEOREMS FOR FANO THREEFOLDS

(1) Xs:~y is injective, n is an isomorphism, and dP is injective.

k27 v 1196

I

ki27

(2) Xg: 7y is injective, n is an isomorphism, and dP is injective.
k34 v k400
UT /
dP
k34
(3) (a) If X4 is a smooth quartic threefold, then v is injective, n is an isomorphism, and

dP is injective.
(b) If X4 is a hyperelliptic Fano threefold, then n is an isomorphism and neither of

~v and dP is injective.

45 v 1900

T

k?45

(4) Xa: v is injective, n is an isomorphism, and dP is injective.

Proof. First, we prove that 7 is an isomorphism in each case. We write X for Xg, Xg, X4,
and X3. Note that D®(X) = (Ku(X),Ox). Denote by P; the kernel of the left projection to

Ku(X), and P» the kernel of the right projection to (Ox). There is a triangle

Py, — A*OX — P — PQ[ }

L

— 5 AN Oy —=— AP
lid

~ E

wy'[-3] = @ APTx[-p] —— A'Py

Applying the functor A' to the triangle, we obtain the diagram

A'Py
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According to [[Kuz09b, Theorem 8.5], the map w is an isomorphism onto the third summand.
Applying Hom?(Ox, —), we obtain the commutative diagram

Hom?(Ox, A'A,Ox) —E— Hom?(Ox,A'Py)

|= i

Hom?(Ox, @)_, APTx[-p]) — Hom*(Ox,A'Py)

4 =

Hom?*(Ox, @,y APTx[—p])
Thus, the morphism L is an isomorphism. However, L is naturally isomorphic to the morphism
Hom?(A.Ox, A.Ox) — Hom?(A,Ox, P) = Hom?(Py, Py).
That is to say the map o : HH?*(X) — HH?*(Ku(X)) constructed in Theorem 3.10 is an
isomorphism. According to [BFT21, Appendix A], H%(X,A?Tx) = 0 and it is clear that
H?(X,0x) = 0, hence 7 is an isomorphism.
The map dP is injective for Xg, Xg, non-hyperelliptic X4, and X5 by Proposition 4.1. Then

~ is injective for these cases because 7 is an isomorphism. The map dP is not injective for
hyperelliptic X4, thus v is not injective. O

Remark 4.12. In the literature [[<uz21, Example 3.17], one can define an alternative version
of the Kuznetsov component of Xg as Ku(X) := (U, Ox)*, where U is restriction of one of
the spinor bundles on the quadric M C P°. Then we still have the commutative diagram from
Corollary 3.14 as follows:

HH?(Ku(X)) —— k400
T
k‘34

Since dP is injective, n is injective. Thus infinitesimal categorical Torelli holds for Xg. By
Lemma 4.13, the second Hochschild cohomology is given by HH?(Ku(X)) = k34, thus 7 is an
isomorphism, hence « is injective.

Lemma 4.13. Let X be an index one prime Fano threefold of genus 4 with semiorthogonal
decomposition
DY(X) = (Ku(X),Us,Ox).
Then HH?(Ku(X)) = H'(X, Tx) = k4.
Proof. Consider the tautological short exact sequence
0— U — O — Q1 — 0,

where Q; the tautological quotient bundle. It is known that Q; = Z/l2v by [Ott88, Theorem
2.8(ii)]. Tt is easy to see that Ui~ =2 QY = Us. By Theorem 4.2, there is a long exact sequence

o — HY(X, Ut oU)) — HY(X,Tx) — HH?(Ku(X)) — HY(X, U oUY) — ---

Note that H®*(X,Ui @ Uy') = Hom®(Us,Us) = 0 since Uy, Us are completely orthogonal by
[Kuz21, Remark 5.19]. Hence HH? (Ku(X)) = HY(X, Tx) = k>4 O
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